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Many applications of engineering interest involve spatially
correlated properties obeying the statistics of fractional
Brownian motion (fBm) (Mandelbrot and van Ness, 1968).
Because of its spatially growing correlations (Feder, 1988),
fBm is a special, but important example of spatial correla-
tion. In applications related to chemical engineering, fBm
statistics have been shown to describe: pressure fluctuations
in a bubble column (Drahos et al., 1992) or solid-liquid flu-
idized beds (Fan et al., 1993; Kwon et al., 1994); the surface
morphology of fracture surfaces, such as poly(styrene) and
poly(methyl methacrylate) (Talibuddin and Runt, 1994) and
more generally of rough substrates (Gunter and Nie-
mantsverdriet, 1995); the pore surface of various porous me-
dia (Mann, 1993); and the trace of propagating cracks
(Schmittbuhl et al., 1994). Fractional Brownian motion was
also conjectured to describe the distribution of permeabilities
in various oil reservoirs (Hewett, 1986) in an attempt to ex-
plain field data of Arya et al. (1988), which indicated spatially
growing correlations. In fact, the so-called fractal geostatis-
tics have been successfully used in various practical situations
(e.g., Emmanuel et al., 1989).

Of specific interest to this note are percolation processes
in a field described by fBm. There are two applications where
such processes may arise: The immiscible displacement of one
fluid by another in a 2-D fracture, the aperture of which obeys
fBm statistics; and the same displacement in a heterogeneous
porous medium, the permeability of which obeys fBm statis-
tics. In either case, it is assumed that capillary forces domi-
nate the displacement. In previous works, Yortsos and Chang
(1990) and van Batenburg et al. (1991) simulated displace-
ments in such fields by considering both capillary and viscous
forces. Here, we consider the case where viscous forces are
small (low flow rates). As capillary-controlled displacement is
described by invasion percolation (IP) (Wilkinson and
Willemsen, 1983, see also recent upscaling to random perme-
abilities by Yortsos et al., 1993), the problem of interest is
one of percolation in a correlated lattice.
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Depending on the behavior of the correlation function at
large values of the spatial lag, three cases of site percolation
in a correlated lattice have been studied:

(i) When the decay is exponential, Renault (1991) showed
that the percolation threshold p. of a correlated lattice is
smaller than that of a random lattice (see also Ioannidis and
Chatzis, 1993).

(ii) When the correlation function decays algebraically,
such as following C(p)~ p*¥, H <0, Prakash et al. (1992)
found that in site percolation in a square lattice p, decreases
with increasing H, and approaches the value of 0.5 at A =0.
For this problem, Isichenko (1992) showed that the percola-
tion exponent B, which scales the behavior of the percolation
probability near p_, remains the same as in the uncorrelated
case. However, the correlation length exponent v changes
according to v = ~1/H, —0.75 < H < 0. Using the relation-
ship D; = d — B/v, these results show that the fractal dimen-
sion Dy of the percolation cluster increases with H (H <0),
and approaches the embedding dimension d =2 as H — 0.

(ii) When the correlation function grows algebraically, as
in an fBm lattice, where H > 0, Satik and Yortsos (1991) re-
ported in an unpublished study of IP that both the percola-
tion threshold p. and the percolation probability function
P(p) are stochastic, different realizations resulting in differ-
ent p, values and different P(p) curves. In particular, these
curves did not converge to a universal curve with an increase
in the lattice size, as is the case with ordinary percolation
(OP) in a random lattice. A theoretical understanding of this
behavior was provided by Isichenko (1992), who analyzed 2-D
OP in fBm lattices and proposed that the mass fractal dimen-
sion Dy is constant and equal to 2 (a compact cluster), al-
though that of its perimeter, D, varies with H as D, = (10—
3H)/7. Schmittbuhl et al. (1993) studied percolation in an
fBm hierarchical lattice and showed analytically that the per-
colation threshold is indeed a stochastic variable with a finite
variance. Sahimi (1994, 1995) reported deterministic percola-
tion thresholds, which increase with H for 0 < H < (.5 and
decrease for 0.5 < H <1, and fractal percolation clusters with
a fractal dimension equal to that of the random case, except
for H near 1. In this note, we present results which confirm
our previous findings (Satik and Yortsos, 1991) and is consis-

Vol. 42, No. 8 AIChE Journal



Figure 1.

Consecutive snapshots of invasion at differ-
ent values of the Hurst exponent H (0.2, 0.5,
and 0.8) and invaded fraction P (0.2, 0.4, 0.6,
0.8). Dark color denotes defending phase.

tent with the theory of Isichenko (1992) and Schmittbuhl et
al. (1993). Certain average properties are also computed.

We consider site IP in an fBm 2-D square lattice with sizes
as large as 256 X 256. Sizes were assigned to the sites follow-
ing fBm statistics, using the method of midpoint displace-
ment and random addition described by Voss (1988) (see also
Feder, 1988). An invasion process (from top-to-bottom in
Figure 1) was then simulated, using the standard rule that
the front advances to the largest perimeter site, and applying
no-flow conditions at the lateral sides. Snapshots of the dis-
rlacement for different values of H are shown in Figure 1.
As in Satik and Yortsos (1991), the invaded regions appear to
be compact, but with a fractal perimeter. Contrary to the ran-
dom case, the features of the invading phase depend criti-
cally on the realization, which here can be simply changed by
reversing the displacement (such as from bottom-to-top, from
left-to-right, and so on), as can also be seen from a cursory
inspection of the fBm field. From the data obtained, we cal-
culated IP curves P(p, H) for different realizations and H
values. Here, P(p, H) denotes the fraction of invaded sites,
and as is conventional in IP, we defined p=[" a(r)dr,
where r,,;, is the minimum size of invaded sites and a(r) is
the probability density function (pdf).

Figure 2 shows various P(p,H) curves for H = (.5, corre-
sponding to different realizations. The following are noted:
(1) Contrary to the random case, the curves are stochastic,
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Figure 2. Invaded fraction curve P(p, H) for H=0.5 and
different realizations.

different realizations for the same H giving rise to a different
curve; (2) because the invasion cluster is not fractal (see also
below), these curves assume nonzero values much before
“breakthrough” of the invading phase; (3) for a given realiza-
tion, each curve consists of a succession of jumps, which is
characteristic of IP (Roux and Guyon, 1989). The frequency
of the bursts decreases as H increases. These results are con-
sistent with the earlier findings (Satik and Yortsos, 1991) and
with the theory of Schmittbuhl et al. (1993). Certainly, uni-
versality in percolation properties does not apply in these sys-
tems, each invasion process being sensitive to the particular
realization.

The percolation threshold p. was studied by conducting a
site. OP process, using the cluster labeling algorithm of
Hoshen and Kopelman (1976) (see also Stauffer and Aharony,
1992). It was found (Table 1) that p, is a random variable,
with a mean value {p.> (H) that monotonically decreases
with H, such that { p.) (0) = 0.5 (the value reached by Prakash
et al., 1992 as H approaches zero from the negative side) and
{p.» (1) =0.386. Its standard deviation, (TP(H ), is an increas-
ing function of H with 0,(0) =0 (the nonzero value due to
finite size effects) and o,(1) = 0.13. These are also consistent
with Schmittbuhl et al. 6993).

Using these data, the density of the percolation cluster at
P> p(p., H)=P(p.)/L? was computed for various values of
H and lattice sizes. The results, listed in Table 2, show that
although stochastic, the varjable p(p,, H) has mean and
standard deviation practically independent of the lattice size,
at least for large values of H. This should be contrasted to
the random case, where the average density decreases with
L, following the well-known power-law scaling p~ L™#%,
where B =5/36 and v = 4/3. The lack of sensitivity to L (at
least for larger H) confirms the observation that the percola-
tion cluster is not fractal, in agreement with Isichenko’s (1992)
argument (v — ). It must be noted that the slow decrease
for H = 0.2, shown in Table 2, most likely reflects finite size
effects, which should disappear at larger L. Values of the
perimeter fractal dimension D, were also estimated and
found in reasonable agreement with Isichenko’s (1992) pre-
diction.
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Table 1. Percolation Threshold p, for Site Percolation in fBm Lattice

Lattice Size/No. of Realizations

H 64 %< 64/1,000 128 % 128/500 256x256/100 512%512/100 1,024 x1,024/100
1.00 0.3843+0.1307 0.3817+0.1274 0.3871+£0.1295 0.3864 +0.1291 0.3826 +0.1263
0.80 0.3944 +0.1247 0.3924 +0.1218 0.3986 4+ 0.1240 0.3912+0.1261 0.3944 +0.1196
0.65 0.4040 +0.1206 0.4030+0.1182 0.4131+£0.1212 0.4103+0.1212 0.4074+0.1181
0.50 0.4180+0.1164 0.4164+0.1133 0.4269+0.1153 0.42214+0.1132 0.4204+0.1137
0.35 0.4365 £0.1086 0.4335+0.1060 0.447140.1061 0.4431+0.1030 0.4424+0.1057
0.20 0.4876 +0.0802 0.457740.0958 0.4646 +0.0931 0.4700+0.0882 0.4647+0.0875
0.00 0.4907 +0.0782 0.4931 +0.0740 0.4976 +0.0670 0.5038+0.0673 0.5024 4+ 0.0607
Rand 0.5818 +0.0216 0.587240.0121 0.5893 +-0.0077 0.5908 +0.0044 0.5912+0.0028
Table 2. Density of Percolation Cluster at Breakthrough, p = P(p,)/L? for Site Percolation in fBm Lattice
Lattice Size/Number of Realizations
H 64 X 64/1,000 128 X 128/550 256 X 256/550 512x512,200 1,024 x 1,024,100
0.80 0.3583 £0.1263 0.3538 +0.1269 0.35554+0.1277 0.35131.0.1241 0.3485+0.1099
0.50 0.3485+0.1133 0.34254+0.1136 0.3423 £0.1166 0.3364 +-0.1120 0.336140.1071
0.20 0.3298 +0.0985 0.3230+0.0998 0.3185+0.0999 0.3025 1.0.0901 0.3004 +0.0838
Rand 0.2563 +0.0748 0.2343 +0.0684 0.22154+0.0674 0.2024 1 0.0590 0.1854 +0.0548

Next, we computed ensemble averages ®(p, H) by en-
semble-averaging p for fixed P and H. The results are plot-
ted in Figure 3 for different H values. The ensemble aver-
ages continuously deviate from the universal curve (random
medium) as H increases, although there is some cross-over at
large p. Lattice-size effects on the ensemble average curves
were found to be negligible. As with p,, the standard devia-
tion was found to increase with H and to be larger as p
decreases. A capillary pressure, P, ~ 1/r, was also computed,
where r is the size of the site currently being invaded. For
the random case, the plot of the capillary pressure vs. time
(or saturation S of the invading fluid) has the noisy appear-
ance of Figure 4a, the properties of which were analyzed by
Roux and Guyon (1989). For IP in an fBm lattice, curves cor-
responding to various H are shown in Figures 4b—4d. The
following two characteristics are noted: (1) Contrary to the
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Figure 3. Ensemble average ®(p,H) for different val-
ues of the Hurst exponent H (random, —0.5,
-0.2, 0.0, 0.2, 0.5 and 1.0 from right to left).

2394 August 1996

random case where it is flat, the envelope of P, in the fBm
case has a definite gradient, which increases with H; (2) the
fluctuations diminish in size as H increases, reflecting the
improved connectivity of the lattice, while the distribution of
burst sizes is much narrower. The analysis of these bursts is
currently under study.

In summary, in this note we presented numerical results of
both OP and [P in an fBm lattice, which expand on our pre-
vious study (Satik and Yortsos, 1991) and support the find-
ings of Isichenko (1992) and Schmittbuhl et al. (1993). The
statistics of the random variables p, and P(p, H) obtained
should be useful in problems involving fBm lattices. More
generally, the results should be useful in the study of invasion
processes in correlated media.
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Figure 4. Normalized capillary pressure vs. invasion
time for different values of the Hurst exponent
H and a fixed realization.
(a) Random; (b) 0.2; (c) 0.5; {d) 0.8.
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